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ABSTRACT
Context. The dwarf planet Ceres and the asteroid Vesta have been studied by the Dawn space mission. They are the two heaviest
bodies of the main asteroid belt and have different characteristics. Notably, Vesta appears to be dry and inactive with two large basins
at its south pole. Ceres is an ice-rich body with signs of cryovolcanic activity.
Aims. The aim of this paper is to determine the obliquity variations of Ceres and Vesta and to study their rotational stability.
Methods. The orbital and rotational motions have been integrated by symplectic integration. The rotational stability has been studied
by integrating secular equations and by computing the diffusion of the precession frequency.
Results. The obliquity variations of Ceres over [−20 : 0] Myr are between 2 and 20◦ and the obliquity variations of Vesta are between
21 and 45◦. The two giant impacts suffered by Vesta modified the precession constant and could have put Vesta closer to the resonance
with the orbital frequency 2s6 − sV . Given the uncertainty on the polar moment of inertia, the present Vesta could be in this resonance
where the obliquity variations can vary between 17 and 48◦.
Conclusions. Although Ceres and Vesta have precession frequencies close to the secular orbital frequencies of the inner planets, their
long-term rotations are relatively stable. The perturbations of Jupiter and Saturn dominate the secular orbital dynamics of Ceres and
Vesta and the perturbations of the inner planets are much weaker. The secular resonances with the inner planets also have smaller
widths and do not overlap, contrary to the case of the inner planets.
Key words. celestial mechanics - planets and satellites: dynamical evolution and stability - minor planets, asteroids: individual:
Ceres - minor planets, asteroids: individual: Vesta
1. Introduction
Ceres and Vesta are the two heaviest bodies of the main asteroid
belt. They have been studied by the Dawn space mission which
has determined their shapes, gravity fields, surface compositions,
spin rates, and orientations (Russell et al. 2012; Russell et al.
2016). However, the precession frequency of their spin axes has
not be determined and there are still uncertainties about their
internal structures (e.g., Park et al. 2014; Ermakov et al. 2014;
Park et al. 2016; Ermakov et al. 2017b; Konopliv et al. 2018). No
satellites have been detected from observations with the Hubble
Space Telescope and the Dawn space mission around these bod-
ies (McFadden et al. 2012; McFadden et al. 2015; DeMario et al.
2016).
The long-term rotation of the bodies in the solar system can
be studied with the secular equations (Kinoshita 1977; Laskar
1986; Laskar & Robutel 1993) or with a symplectic integration
of the orbital and rotational motions (Touma & Wisdom 1994).
Secular equations are averaged over the mean longitude and over
the proper rotation, which is generally fast for the bodies of the
solar system, and their integration is much faster. They were used
by Laskar et al. (1993a) and Laskar & Robutel (1993) to study
the stability of the planets in the solar system.
The method of Laskar & Robutel (1993) has been applied by
Skoglöv et al. (1996) to study the stability of the rotation and the
variations of the obliquity for Ceres and nine asteroids including
Vesta. At this time, however, the initial conditions for the spin
axes were not determined precisely and the knowledge of the in-
ternal structure was not sufficient to constrain the precession fre-
quencies. Skoglöv et al. (1996) assumed that the bodies are ho-
mogeneous and concluded that their long-term rotations are rela-
tively stable. By using secular equations and a secular model for
the orbital motion, Bills & Scott (2017) determined the obliquity
variations of Ceres. Ermakov et al. (2017a) obtained the obliq-
uity variations of Ceres for different polar moments of inertia by
realizing the symplectic integration of the rotational and orbital
motions.
Asteroid impacts and close encounters can influence the
long-term rotation of bodies in the main asteroid belt. Vesta has
suffered two giants impacts (Marchi et al. 2012; Schenk et al.
2012) that have significantly modified its shape and its spin rate
(Fu et al. 2014; Ermakov et al. 2014). Laskar et al. (2011a) ob-
tained an orbital solution of Ceres and Vesta, called La2010,
which takes into account mutual interactions between bodies of
the main asteroid belt, and Laskar et al. (2011b) showed that
close encounters in the solution La2010 are the cause of the
chaotic nature of the orbits of Ceres and Vesta. These close en-
counters can affect their long-term rotation.
For Ceres, the obliquity drives the ice distribution on and
under the surface. Ceres possesses cold trap regions that do not
receive sunlight during a full orbit. This prevents the sublimation
of the ice, which can accumulate (Platz et al. 2016). The surface
area of these cold traps depends on the value of the obliquity.
Ermakov et al. (2017a) determined that the obliquity of Ceres
varies between 2 and 20◦ and that the cold trap areas for an
obliquity of 20◦ correspond to bright crater floor deposits that
are likely water ice deposits. Platz et al. (2016) determined that
one bright deposit near a shadowed crater is water ice. In ad-
dition, the Dawn mission gave evidence of the presence of ice
under the surface of Ceres from the nuclear spectroscopy in-
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strument (Prettyman et al. 2017) and from the morphology of
the terrains (Schmidt et al. 2017). The ice distribution and the
burial depth with respect to the latitude depend on the history of
the obliquity (Schorghofer 2008, 2016). For Vesta, studies of the
long-term evolution of the obliquity were not performed with the
initial conditions of the spin axis and the physical characteristics
determined by the Dawn space mission.
The main purpose of this article is to investigate the long-
term evolution of the rotational motions of Ceres and Vesta.
First, we explore the obliquity variations of these bodies for a
range of possible precession constants obtained from the data of
the Dawn mission. Then, the stability of their spin axes is stud-
ied.
In this paper for the orbital motion we consider the solutions
La2011 and La2010 (Laskar et al. 2011a), which do not include
the rotation of Ceres and Vesta. To compute the obliquity varia-
tions, we follow the symplectic method of Farago et al. (2009) by
averaging the fast proper rotation. This method avoids integrat-
ing the fast rotation and allows us to use a large step to reduce
the computation time. We call the long-term rotational solution
obtained Ceres2017. The orbital and rotational equations are in-
tegrated simultaneously in a symplectic way and the effects of
the rotation on the orbital motions are considered. We consider
the close encounters of Ceres and Vesta with the bodies of the
main asteroid belt used in Laskar et al. (2011b) and estimate
with a statistical approach their effects on the long-term rotation
of Ceres and Vesta. In order to determine the secular frequen-
cies and identify the possible secular resonances on the orbital
and rotational motions, the solutions are studied by the method
of the frequency map analysis (Laskar 1988, 1990; Laskar et al.
1992; Laskar 1993, 2003). Moreover, to study the effects of the
close secular orbital resonances, we compute a secular Hamil-
tonian from the method of Laskar & Robutel (1995). We obtain
a secular model, which reproduces the secular evolution of the
solution La2011 and allows us to investigate the effects of the
secular resonances.
The stability of the spin axes is studied by using secular
equations with a secular orbital solution obtained from the fre-
quency analysis of the solution La2011. We verify beforehand
that they allow us to reproduce the obliquity variations computed
by the symplectic method and have the same stability proper-
ties. We study the stability of the rotation in the vicinity of the
range of possible precession constants to identify the secular res-
onances between the orbital and rotational motions. Vesta has
suffered two giant impacts that have changed its shape and its
spin rate (Fu et al. 2014; Ermakov et al. 2014) and also its pre-
cession constant. We investigate whether this possible evolution
of precession constant changed the stability properties. Follow-
ing the method of Laskar & Robutel (1993), we finally realize a
stability map of the spin axes of Ceres and Vesta.
In section 2 we present the methods used in this paper to
obtain the long-term rotation. In section 3 we estimate the pre-
cession constants deduced from Dawn space mission and their
possible variations during the history of Ceres and Vesta. In sec-
tion 4 we analyze the long-term solutions obtained for the orbital
and rotational motions. In section 5 we study the effects of the
orbital secular resonances with a secular Hamiltonian model. In
section 6 we study the stability of the rotation axes from the sec-
ular equations of the rotation.
2. Methods for the integration of the rotation
The spin rates of Ceres and Vesta are relatively fast (see section
3). We thus average the fast rotation using the method of Farago
et al. (2009) in order to integrate in a symplectic way the angular
momentum of a rigid body.
When we need many integrations with different initial con-
ditions or parameters, we use the secular equations from Boué &
Laskar (2006) in order to speed up the computation.
2.1. Symplectic integration of the angular momentum
We consider a planetary system of n + 1 bodies with a central
body 0 and n planetary bodies, where the body of index 1 is a
rigid body and the other planetary bodies point masses. We note
the vectors in bold. The Hamiltonian H of the system is (Boué
& Laskar 2006)
H = HN + HI,0 +
n∑
k=2
HI,k + HE , (1)
with HN the Hamiltonian of n+1 point masses. The Hamiltonian
HE of the free rigid body is
HE =
(G.I)2
2A
+
(G.J)2
2B
+
(G.K)2
2C
, (2)
where (I,J,K) is the basis associated with the principal axes of
moments of inertia respectively A, B, C, where A ≤ B ≤ C, and
G the angular momentum of the rigid body. The Hamiltonians
HI,0 and HI,k are respectively the interactions without the point
mass interactions of the central body 0 and of the planetary body
k with the rigid body 1 and are obtained with a development in
Legendre polynomials (Boué & Laskar 2006)
HI,0 = − Gm0
2r31
(B +C − 2A) (r1.Ir1
)2
+ (A +C − 2B)
(
r1.J
r1
)2
+ (A + B − 2C)
(
r1.K
r1
)2 ,
(3)
HI,k = − Gmk
2r31,k
(B +C − 2A) (r1,k.Ir1,k
)2
+ (A +C − 2B)
(
r1,k.J
r1,k
)2
+ (A + B − 2C)
(
r1,k.K
r1,k
)2 ,
(4)
with (rk,r˜k) the heliocentric position and the conjugate momem-
tum of the body k, mk the mass of the body k, r1,k = r1 − rk, r1
and r1,k the norms of r1 and r1,k, andG the gravitational constant.
By averaging over the fast Andoyer angles g, the angle of proper
rotation, and l, the angle of precession of the polar axis K around
the angular momentum G (Boué & Laskar 2006), HE becomes
constant and the averaged total HamiltonianH is
H = 〈H〉g,l = HN +HI,0 +
n∑
k=2
HI,k, (5)
where
HI,0 = 〈HI,0〉g,l = −C1m0r31
1 − 3 (r1.wr1
)2 , (6)
Article number, page 2 of 24
T. Vaillant et al.: Long-term orbital and rotational motions of Ceres and Vesta
HI,k = 〈HI,k〉g,l = −C1mkr31,k
1 − 3 (r1,k.wr1,k
)2 , (7)
with
w =
G
G
, (8)
C1 = G2
(
C − A + B
2
) (
1 − 3
2
sin2 J
)
, (9)
J the Andoyer angle between w and K, and G the norm of the
angular momentum G.
The Hamiltonian H = HN + HI,0 + ∑nk=2HI,k can be split
into several parts. The Hamiltonian HN of n point masses can be
integrated with the existing symplectic integrators (e.g., Wisdom
& Holman 1991; Laskar & Robutel 2001; Farrés et al. 2013).
For a planetary system where a planet is located much closer
to the central star than the other planets, Farago et al. (2009)
averaged its fast orbital motion to obtain a Hamiltonian of in-
teraction between the orbital angular momentum of the closest
planet and the other more distant planets. Because the Hamilto-
nians HI,0 and HI,k are analogous to this Hamiltonian, we can
use the symplectic method developed by Farago et al. (2009) for
this case. We detail explicitly how this method can be applied
here.
The Hamiltonian HI,0 gives the equations of the motion
(Boué & Laskar 2006)

r˙1 = 0,
˙˜r1 = −∇r1HI,0
= −3C1m0
r51
1 − 5 (r1.wr1
)2 r1 + 2 (r1.w)w ,
w˙ =
1
G
∇wHI,0 × w = 6C1m0
Gr51
(r1.w) r1 × w.
(10)
Here r1 is conserved and because of r1.w˙ = 0, r1.w is also con-
stant. With the angular frequency Ω0 = 6C1m0 (r1.w) /(Gr41) as
in Farago et al. (2009), the solution for w is
w (t) = Rr1 (Ω0t)w (0) , (11)
where Rx (θ) is the rotation matrix of angle θ around the vector
x. The solution for r˜1 is (Farago et al. 2009)
r˜1 (t) =r˜1 (0) − 3C1m0
r51
1 − 3 (r1.wr1
)2 tr1
+
2r1.w
Ω0r1
(w (t) − w (0)) × r1
)
. (12)
We have then an exact solution for the HamiltonianHI,0.
The equations of motion for the HamiltonianHI,k are similar.
However, this Hamiltonian modifies the variables of the body k.
The equations are then
r˙1 = 0,
˙˜r1 = −3C1mk
r51,k
1 − 5 (r1,k.wr1,k
)2 r1,k + 2 (r1,k.w)w ,
r˙k = 0,
˙˜rk =
3C1mk
r51,k
1 − 5 (r1,k.wr1,k
)2 r1,k + 2 (r1,k.w)w ,
w˙ =
6C1mk
Gr51,k
(
r1,k.w
)
r1,k × w,
(13)
which have the solution
r˜1 (t) = r˜1 (0) − 3C1mk
r51,k
1 − 3 (r1,k.wr1,k
)2 tr1,k
+
2r1,k.w
Ωkr1,k
(w (t) − w (0)) × r1,k
)
,
r˜k (t) = r˜k (0) +
3C1mk
r51,k
1 − 3 (r1,k.wr1,k
)2 tr1,k
+
2r1,k.w
Ωkr1,k
(w (t) − w (0)) × r1,k
)
,
w (t) = Rr1,k (Ωkt)w (0) ,
(14)
with the angular frequency Ωk = 6C1mk (r1,k.w) /(Gr41,k).
The symplectic scheme for the total Hamiltonian is (Farago
et al. 2009)
S (t) = e
t
2 LHI,0 e
t
2 LHI,2 . . . e
t
2 LHI,n etLHN e
t
2 LHI,n . . . e
t
2 LHI,2 e
t
2 LHI,0 , (15)
where LX represents the Lie derivative of a Hamiltonian X. This
scheme gives a symplectic solution for the long-term evolution
of the angular momentum of the rigid body.
It is possible to neglect the effects of the rotation on the or-
bital motion by keeping ˙˜r1 = 0 and ˙˜rk = 0 in Eqs. (10) and (13).
This allows us to obtain multiple solutions for the long-term ro-
tation with different initial conditions for the angular momen-
tum by computing only one orbital evolution. In this case, the
total energy is still conserved, but it is not the case for the total
angular momentum.
By averaging over the fast rotation of Ceres and Vesta, this
method is used in section 4 to obtain the long-term evolution of
the angular momenta of Ceres and Vesta where the torques are
exerted by the Sun and the planets.
2.2. Secular equations for the angular momentum
In order to speed up the computation, we average the Hamil-
tonian (Eq. (5)) over the mean longitude of the rigid body. By
considering only the torque exerted by the Sun, we obtain the
secular Hamiltonian for the rotation axis (Boué & Laskar 2006)
H = − Gα
2
(
1 − e2)3/2 (w.n)2 , (16)
with G = Cω for the spin rate ω. The motion of the angular
momentum is forced by a secular orbital solution, from which
the normal to the orbit n and the eccentricity e are computed.
The precession constant α can be written
α =
3
2
GM
Cωa3
(
C − A + B
2
) (
1 − 3
2
sin2 J
)
(17)
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with a the semi-major axis and M the mass of the Sun. The
moments of inertia can be normalized by
A =
A
mR2
, B =
B
mR2
, C =
C
mR2
, I =
I
mR2
, (18)
with I = (A+B+C)/3 the mean moment of inertia, m the mass of
the solid body, and R the reference radius used for the determina-
tion of the gravity field. The gravitational flattening J2 depends
on the normalized moments of inertia with
J2 = C − A + B2 . (19)
The precession constant can then be written
α =
3
2
GMJ2
Cωa3
(
1 − 3
2
sin2 J
)
. (20)
The secular equation for the angular momentum w is then (e.g.,
Colombo 1966; Boué & Laskar 2006)
w˙ =
α(
1 − e2)3/2 (w.n)w × n. (21)
The angle between the normal to the orbit, n, and the angular
momentum, w, is the obliquity .
Equation (21) is used in section 6 to study the stability of the
spin axes of Ceres and Vesta.
3. Precession constants and initial conditions
To determine the quantity C1 (Eq. (9)) and the precession con-
stant α (Eq. (20)), the polar moment of inertia C, the spin rate
ω, the gravitational flattening J2, and the Andoyer angle J are
necessary.
3.1. Estimation of the Andoyer angle J
The Andoyer angle J is the angle between the angular momen-
tum G and the polar axis K.
The Dawn space mission determined the principal axes of
Ceres and Vesta and measured the gravitational field in these
frames. To obtain the precision of the determination of the prin-
cipal axes, we estimate the angle γ between the polar axis and
its determination by Dawn with the expression
γ ≈
√
C221 + S
2
21/C. (22)
The spherical harmonic gravity coefficients of second degree and
first-order C21 and S 21 were determined with their uncertainties
by Dawn for Ceres (Park et al. 2016) and Vesta (Konopliv et al.
2014). Because C21 and S 21 are smaller than their uncertainties
and than the other coefficients of second degree for both bodies,
Park et al. (2016) and Konopliv et al. (2014) deduce that this an-
gle is negligible. By replacing C21 and S 21 by their uncertainties
in Eq. (22) and C by the values of the sections 3.2.2 and 3.3.2,
the angle γ is about 7 × 10−5 ◦ and 1 × 10−6 ◦ respectively for
Ceres and Vesta.
Using the basis (I,J,K) associated with the principal axes of
moments of inertia, the rotational vector Ω can be expressed as
Ω = ω
 m1m2
1 + m3
 , (23)
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Fig. 1: Normalized mean moment of inertia I assuming a spher-
ical shape with respect to the density and radius of the mantle.
The purple line represents the numerical solutions of Clairaut’s
equations which reproduce the observed gravitational flattening
J2 (Park et al. 2016).
where m1 and m2 describe the polar motion and m3 the length
of day variations, which were estimated by Rambaux et al.
(2011) and Rambaux (2013) respectively for Ceres and Vesta.
The amplitude of the polar motion is about 0.4 mas for Ceres and
0.8 mas for Vesta. Rambaux et al. (2011) assumed that Ceres is
axisymmetric and obtained an amplitude of about 8 × 10−4 mas
for m3. Rambaux (2013) considered a triaxial shape for Vesta
and obtained an amplitude for m3 of about 0.1 mas. The angle be-
tween the rotational vectorΩ and the polar axis is about 1×10−7 ◦
for Ceres and 2 × 10−7 ◦ for Vesta and the polar motion is then
negligible.
The rotational vector can also be approximated by Ω = ωK
and G verifies G = CωK. Therefore, we can neglect sin2 J in
Eq. (20) and the precession constant becomes
α =
3
2
GMJ2
Cωa3
. (24)
3.2. Precession constant of Ceres
3.2.1. Physical parameters
From the Dawn data, Park et al. (2016) determined J2
J2 = 2.6499 × 10−2 ± 8.4 × 10−7 (25)
for the reference radius
R = 470 km. (26)
Park et al. (2016) also refined the spin rate to
ω = 952.1532 ± 0.0001◦/day. (27)
3.2.2. Polar moment of inertia
The polar moment of inertia can be estimated from a model of
internal structure. Park et al. (2016) proposed a set of internal
models with two layers by numerically integrating Clairaut’s
equations of hydrostatic equilibrium. The mantle of density
2460 − 2900 kg m−3 has a composition similar to those of dif-
ferent types of chondrites and the outer shell of density 1680 −
1950 kg m−3 is a blend of volatiles, silicates, and salts. Ermakov
et al. (2017b) used the gravity field and the shape obtained by
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the Dawn space mission and took into account the effect of the
isostasy to constrain the internal structure of Ceres. Their fa-
vored model has a crust density of 1287−87
+70 kg m
−3, a crust thick-
ness of 41.0−4.7
+3.2 km, a mantle density of 2434
−8
+5 kg m
−3, and a
mantle radius of 428.7+4.7−3.2 km.
In figure 1 the purple curve represents the numerical solu-
tions of Clairaut’s equations which reproduce the observed grav-
itational flattening J2 (Park et al. 2016). In figure 1 the normal-
ized mean moment of inertia I is computed by assuming a spher-
ical shape, as in Eq. (1) of Rambaux et al. (2011). For a mantle
density of 2460 − 2900 kg m−3, we have I = 0.375. The normal-
ized polar moment of inertia C can be deduced by
C =
2J2
3
+ I. (28)
With Eq. (25) and I = 0.375, we found C = 0.3931.
The gravitational flattening possesses a nonhydrostatic com-
ponent Jnh2 , which causes an uncertainty on C. Park et al. (2016)
estimated Jnh2 with
Jnh2
J2
=
√
C
2
22 + S
2
22
J2
(29)
for the normalized spherical harmonic gravity coefficients of sec-
ond degree and second-order C22 and S 22 and J2 the normalized
value of J2. By deriving the Radau-Darwin relation (e.g., Ram-
baux et al. 2015; Ermakov et al. 2017b), we obtain the uncer-
tainty ∆I on I
∆I =
2k
3
√
(4 − k) (1 + k)3
Jnh2
J2
. (30)
The fluid Love number k verifies k = 3J2/q (Ermakov et al.
2017b) with q = ω2R3vol/(Gm), Rvol the volume-equivalent ra-
dius, and m the mass. For Rvol = 469.7 km (Ermakov et al.
2017b), Eq. (30) gives the uncertainty ∆I = 0.0047. With Eq.
(28), we have ∆C = ∆I+2Jnh2 /3 = 0.0053. We keep ∆C = 0.005
as in Ermakov et al. (2017a).
For the integration of the obliquity, we choose C = 0.393
and 0.005 for its uncertainty. The interval of uncertainty on C is
then [0.388 : 0.398]. Ermakov et al. (2017a) obtained the value
C = 0.392 for a radius of R = 469.7 km, which corresponds
to C ≈ 0.3915 for R = 470 km. The value C = 0.393 is then
consistent with the value of Ermakov et al. (2017a) given the
uncertainties.
3.2.3. Precession constant
We take a constant semi-major axis to compute the precession
constant. We use the average of the semi-major axis of the so-
lution La2011 on [−25 : 5] Myr, which is about a ≈ 2.767 AU.
On this interval, the semi-major axis can move away to ∆a =
0.005 AU from this value. From Eq. (24) and previous values
and uncertainties, we deduce the precession constant
α = 6.40 ± 0.12′′/yr. (31)
1 If we take into account the nonspherical shape of Ceres to compute
the normalized mean moment of inertia, the normalized polar moment
of inertia becomes C = 0.395.
ρ (kg m−3) semi-principal axes (km)
Crust (a) 2900 a = b = 280.9 c = 226.2
Mantle 3200 a = b = 253.3 c = 198.8
Core 7800 a = b = 114.1 c = 102.3
Crust (b) 2970 a = 284.50 b = 277.25 c = 226.43
Mantle 3160 a = b = 257 c = 207
Core 7400 a = b = 117 c = 105
Crust (c) 2970 a = 284.50 b = 277.25 c = 226.43
Mantle 3970 a = b = 213 c = 192
Table 1: Densities and semi-principal axes for different models
of internal structure of Vesta. (a) corresponds to the reference
ellipsoids of table 3 in Ermakov et al. (2014), (b) and (c) re-
spectively to the three-layer and two-layer models of Park et al.
(2014). For (b) and (c), the dimensions of the crust are given by
the best-fit ellipoid of Konopliv et al. (2014).
3.2.4. Early Ceres
Mao & McKinnon (2018) estimated that Ceres should spin about
7 ± 4% faster to be in hydrostatic equilibrium with the observed
present shape. They supposed that Ceres had been in hydrostatic
equilibrium in the past and had then slowed down due to some
phenomenon like significant asteroid impacts. They obtained for
this higher spin rate an internal structure of normalized mean
moment of inertia I = 0.353 ± 0.009 for a reference radius
R = 470 km. With Eq. (28), it corresponds to a normalized po-
lar moment of inertia C = 0.371 ± 0.009. The corresponding
precession constant is
α = 6.34 ± 0.43′′/yr (32)
with the value of the semi-major axis of the section 3.2.3. With
the present spin rate and considering a normalized polar moment
of inertia of C = 0.371 ± 0.009, the precession constant of the
present Ceres would be
α = 6.78 ± 0.20′′/yr. (33)
3.3. Precession constant of Vesta
3.3.1. Physical parameters
From the Dawn data, Konopliv et al. (2014) gave the normalized
value for J2
J2 = 3.1779397 × 10−2 ± 1.9 × 10−8 (34)
for the reference radius
R = 265 km. (35)
It corresponds to about J2 =
√
5 × J2 = 7.1060892 × 10−2. The
rotation rate has been refined by Konopliv et al. (2014) with
ω = 1617.3331235 ± 0.0000005 ◦/day. (36)
3.3.2. Polar moment of inertia
The polar moment of inertia C of Vesta could not be obtained
from the observation of the precession and nutation of its pole
(Konopliv et al. 2014). Following Rambaux (2013), we deter-
mine C from an internal model composed of ellipsoidal layers
of semi-axes ai, bi, and ci, and uniform densities ρi, where ai, bi,
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and ci are respectively the major, intermediate, and minor semi-
axes. For a three-layer model constituted of a crust (1), a mantle
(2), and a core (3), C is
C =
4pi
15
(
a1b1c1
(
a21 + b
2
1
)
ρ1 + a2b2c2
(
a22 + b
2
2
)
(ρ2 − ρ1)
+a3b3c3
(
a23 + b
2
3
)
(ρ3 − ρ2)
)
. (37)
Ermakov et al. (2014) and Park et al. (2014) proposed inter-
nal models from the gravity field and the shape model of Gaskell
(2012). Ermakov et al. (2014) determined the interface between
the crust and the mantle. The densities and the reference ellip-
soids used by Ermakov et al. (2014) to compare their model are
in table 1. For these parameters, Eq. (37) gives C = 0.4061. If
we use instead of the biaxial crust in table 1, the triaxial best-
fit ellipsoid of Ermakov et al. (2014) determined from the shape
model of Gaskell (2012) with a = 284.895 km, b = 277.431 km,
and c = 226.838 km, we obtain C = 0.4086.
Park et al. (2014) proposed three-layer and two-layer models
(table 1). For the form of the crust, we use the best-fit ellipsoid
of Konopliv et al. (2014) instead of the shape of Gaskell (2012).
Equation (37) gives the approximate values C = 0.4089 for the
three-layer model and C = 0.4218 for the two-layer model.
We keep C = 0.409 obtained for the three-layer model of
Park et al. (2014) with the uncertainty 0.013, given from the un-
certainty interval [0.406 : 0.422].
3.3.3. Precession constant
As we did for Ceres, we consider a mean value for the semi-
major axis. With a ≈ 2.361 AU and ∆a = 0.002 AU, Eq. (24)
gives
α = 15.6 ± 0.6′′/yr. (38)
3.3.4. Early Vesta
The southern hemisphere of Vesta has a large depression with
two basins, Veneneia and Rheasilvia, created by two giant im-
pacts (Marchi et al. 2012; Schenk et al. 2012). Fu et al. (2014)
fitted the regions of the northern hemisphere not affected by the
giant impacts with an ellipsoid of principal axes of dimensions
a = 280.6 km, b = 274.6 km and c = 236.8 km. By extrapolating
this shape to the two hemispheres of the early Vesta supposed
hydrostatic, Fu et al. (2014) obtained a paleorotation period of
5.02 h and Ermakov et al. (2014) a paleorotation period between
4.83 h and 4.93 h for respectively the most and least differenti-
ated internal structures.
By replacing the shape of the previous models by the sup-
posed shape of the early Vesta determined by Fu et al. (2014),
Eq. (37) gives C = 0.4055 for the three-layer model of Ermakov
et al. (2014), and C = 0.4081 and C = 0.4210 respectively for
the three-layer and two-layer models of Park et al. (2014). We
choose C = 0.408 with an uncertainty of 0.013. The correspond-
ing gravitational flattening is J2 = 0.0559 ± 0.0003, where the
uncertainty is given from the gravitational flattenings of the three
different models of internal structure. We choose the paleorota-
tion period of 5.02 h of Fu et al. (2014). We use the value of the
semi-major axis of section 3.3.3, and Eq. (24) gives the preces-
sion constant for the early Vesta
α = 11.6 ± 0.9′′/yr. (39)
Ceres Vesta
R.A. (◦) 291.421 ± 0.007 309.03300 ± 0.00003
Dec (◦) 66.758 ± 0.002 42.22615 ± 0.00002
Table 2: Right ascension (R.A.) and declination (Dec) of Ceres
(Park et al. 2016) and Vesta (Konopliv et al. 2014) at the epoch
J2000 in the ICRF frame.
3.4. Initial conditions
The Dawn space mission refined the orientation of the rotation
axes of Ceres and Vesta. We use the coordinates given under
the form right ascension/declination in the ICRF frame for the
epoch J2000 by Park et al. (2016) for Ceres and by Konopliv
et al. (2014) for Vesta listed in table 2. From these coordinates
and their uncertainties, we obtain the obliquities C and V of
respectively Ceres and Vesta at the epoch J2000
C = 3.997 ± 0.003◦, (40)
V = 27.46784 ± 0.00003◦. (41)
4. Orbital and rotational solutions obtained with the
symplectic integration
This section is dedicated to the long-term solutions La2011
for the orbital motion and Ceres2017 for the rotational motion,
which is obtained with the symplectic integration of the angu-
lar momentum described in section 2.1. The time origin of the
solutions is the epoch J2000.
We analyze the solutions with the method of the frequency
map analysis (Laskar 1988, 1990; Laskar et al. 1992; Laskar
1993, 2003), which decomposes a discrete temporal function in a
quasi-periodic approximation. The precision of the obtained fre-
quencies is estimated by performing a frequency analysis of the
solution rebuilt from the frequency decomposition with a tempo-
ral offset (Laskar 1990). The differences between the frequencies
of the two decompositions give an estimate of the accuracy on
the determination of the frequencies.
4.1. Perturbations on the rotation axis
We investigate and estimate some effects that can affect the long-
term rotation in addition to the torques exerted by the Sun and
the planets.
4.1.1. Tidal dissipation
The torque exerted on a celestial body for the solar tides is
(Mignard 1979)
Γ = 3
k2GM2R5
Cr8
∆t
[
(r.G) r − r2G +Cr × v
]
(42)
with ∆t the time delay between the stress exerted by the Sun and
the response of the body, k2 the Love number, R the radius of the
body, r and v the heliocentric position and velocity of the body,
and r the norm of r. For a circular and equatorial orbit, Mignard
(1979) writes
Γ = 3
k2GM2R5
2r6
| sin (2δ) | (43)
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k2 Q ω (◦/day) R (km) C r (AU) Γ/(Cω) (yr−1)
Mars 0.149 92 350.89198521 3396 0.3654 1.5237 ∼ 3 × 10−13
Ceres 10−3 10 952.1532 470 0.393 2.7665 ∼ 4 × 10−16
Vesta 10−3 100 1617.3331235 265 0.409 2.3615 ∼ 3 × 10−17
Table 3: Estimation of the solar tidal torque Γ/(Cω) on Mars (Laskar et al. 2004a; Konopliv et al. 2006), Ceres (Rambaux et al.
2011; Park et al. 2016), and Vesta (Bills & Nimmo 2011; Konopliv et al. 2014).
with δ = (ω − n) ∆t the phase lag and n the mean motion. The
phase lag δ is related to the effective specific tidal dissipation
function Q by 1/Q = tan(2δ) (MacDonald 1964).
Because of the dependence in r−6, the torque decreases
strongly with the distance to the Sun. Laskar et al. (2004a) con-
cluded that the tidal dissipation in the long-term rotation of Mars
has an effect on the obliquity inferior to 0.002◦ in 10 Myr. We es-
timate this torque for Ceres and Vesta and compare these values
with that for Mars in table 3. The values of k2 and Q used for
the estimation of the torque are those used by Rambaux et al.
(2011) for Ceres and by Bills & Nimmo (2011) for Vesta. The
ratio of the torque on the rotation angular momentum is respec-
tively about 1000 and 10000 times weaker for Ceres and Vesta
than for Mars, for which the effect can already be considered
weak (Laskar et al. 2004a). Therefore, the solar tidal dissipation
for Ceres and Vesta was not considered.
4.1.2. Close encounters
In the long-term solution La2010 (Laskar et al. 2011a), the five
bodies of the asteroid belt (1) Ceres, (2) Pallas, (4) Vesta, (7) Iris,
and (324) Bamberga are considered planets and there are mutual
gravitational interactions between them. Laskar et al. (2011a)
considered these bodies because Ceres, Vesta, and Pallas are
the three main bodies of the main asteroid belt and because Iris
and Bamberga significantly influence the orbital motion of Mars.
Laskar et al. (2011b) studied the close encounters between these
bodies and showed that they are responsible for their chaotic be-
havior. If a body comes close to Ceres or Vesta, it can exert a
significant torque during the encounter. The effects of close en-
counters on the rotation axes of the giant planets have been stud-
ied by Lee et al. (2007). For a body of mass m with no satellites,
the maximum difference ‖∆w‖ between the angular momentum
before an encounter with a perturbing body of mass mpert and
the angular momentum after is (Lee et al. 2007)
‖∆w‖ = pi
2
α
mpert
M
a3
r2pvp
(44)
with α the precession constant (Eq. (24)), a the semi-major axis,
and rp and vp =
√
2G(m + mpert)/rp respectively the distance
and the relative speed between the two bodies at the closest dis-
tance. We can write this formula as
‖∆w‖ = Br−3/2p (45)
with
B =
3pi
4
mpert
√ G
2
(
m + mpert
) J2
Cω
. (46)
The values of the coefficient B have been computed in table 4 for
close encounters considered in Laskar et al. (2011b). Therefore,
a close encounter changes the orientation of the rotation axis at
the most of the angle
θ = arccos
1 − B2
2r3p
 . (47)
Laskar et al. (2011b) studied the probability of close encoun-
ters between the five bodies of the asteroid belt considered in the
solution La2010 (Laskar et al. 2011a) and determined that the
probability density ρ(rp) per unit of time of an encounter with
a distance rp at the closest approach can be fitted by a linear
function of rp for rp ≤ 1 × 10−3 AU
ρ
(
rp
)
= Arp, (48)
with
A =
2Nc
(R1 + R2)2
. (49)
Here Nc is the collision probability per unit of time between two
bodies of radii R1 and R2. Table 4 gives the radii, the collision
probability Nc extracted from table 3 in Laskar et al. (2011b),
and the deduced coefficient A between each considered pair on
1 Gyr for the five bodies considered in Laskar et al. (2011b).
We suppose that each close encounter moves the angular mo-
mentum in a random direction. The motion of the rotation axis
is described by a random walk on a sphere of distribution (Perrin
1928; Roberts & Ursell 1960)
ρS (θ) =
∞∑
k=0
2k + 1
4pi
e−
k(k+1)
4 VPk (cos θ) (50)
with the variance V ,
∫ 2pi
0
∫ pi
0 ρS (θ) sin θdθdφ = 1, and Pk the Leg-
endre polynomial of order k. For a random walk of N steps with
a large value of N, where each step causes a small change β in
the orientation, the variance V is (Roberts & Ursell 1960)
V =
N∑
k=1
∫ pi
0
β2dpk (β) (51)
with dpk (β) the probability to have a change of angle β for the
step k. For Ceres, we consider the close encounters with the bod-
ies considered in Laskar et al. (2011b) for which we have the
probability of close encounters and we can write
V1 =
∑
k∈{2,4,7,324}
Nk
∫ βkmax
βkmin
β2dpk (β) (52)
with k the number of the body for which we consider the close
encounter with Ceres, βkmin the minimum change of orientation
at the distance 1 × 10−3 AU, βkmax the maximum change of ori-
entation for a grazing encounter at the distance R1 + Rk, Nk the
number of close encounters, and dpk (β) the probability distribu-
tion to have the change β for a close encounter with the body k.
As |dpk (β) | = |A1krpdrp|/Nk, the variance V1 verifies
V1 =
∑
k∈{2,4,7,324}
A1k
∫ 10−3 AU
R1+Rk
arccos2
1 − B21k
2r3p
 rpdrp. (53)
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perturbed body perturbing body R (km) Nc (10−3 × Gyr−1) A (108 × AU−2.Gyr−1) B (10−10 × AU3/2) V (Gyr−1)
(1) (4) 256 2.0 1.7 6.3 1.3 × 10−5
R1 = 476 km (2) 252 0.9 0.76 5.3 4.4 × 10−6
(7) 112 1.3 1.7 0.41 7.2 × 10−8
(324) 102 1.0 1.3 0.25 2.1 × 10−8
(4) (1) 476 2.0 1.7 34 3.9 × 10−4
R4 = 256 km (2) 252 1.0 1.7 13 8.0 × 10−5
(7) 112 1.4 4.6 1.2 2.5 × 10−6
(324) 102 0.5 1.7 0.71 3.6 × 10−7
Table 4: Radii R used by Laskar et al. (2011b) to compute the collision probabilities Nc between Ceres and Vesta and some bodies.
The values of R for Ceres, Vesta, and the other bodies and the values of Nc are extracted from table 3 in Laskar et al. (2011b). The
coefficients A computed from these values, the coefficient B, and the variance V are also indicated.
gi (′′/yr) si (′′/yr)
g1 5.59 s1 −5.61
g2 7.453 s2 −7.06
g3 17.368 s3 −18.848
g4 17.916 s4 −17.751
g5 4.257492
g6 28.2452 s6 −26.347856
g7 3.087927 s7 −2.9925254
g8 0.673022 s8 −0.691742
g9 −0.35019 s9 −0.35012
Table 5: Principal secular frequencies of the solution La2011 gi,
si determined on [−20 : 0] Myr for the four inner planets and on
[−50 : 0] Myr for the four giant planets and Pluto.
We compute the standard deviation of the distribution of the ro-
tation axis of Ceres on 1 Gyr under the effects of the close en-
counters with the bodies (2) Pallas, (4) Vesta, (7) Iris, and (324)
Bamberga with the formula
θ1sd =
√
∞∑
k=0
2k + 1
4pi
e−
k(k+1)
4 V1
∫ 2pi
0
∫ pi
0
θ2Pk (cos θ) sin θdθdφ.
(54)
We obtain with the intermediary quantities in table 4 about
θ1sd = 0.24◦. (55)
We realize a similar computation for Vesta in table 4 to obtain
θ4sd = 1.3◦. (56)
The time interval [−100 : 0] Myr is smaller than 1 Gyr and the
effects of close encounters are then weaker on this interval.
Moreover, these standard deviations are computed for close en-
counters, which cause a maximum effect on the rotation axis.
Although their effects are weak, we consider for the long-
term integration of the rotation the torques exerted on the angu-
lar momenta of Ceres and Vesta by the five bodies of the main
asteroid belt considered in Laskar et al. (2011b).
4.2. Orbital motion La2011
The orbital solution La2011 is computed on [−250 : 250] Myr
in a frame associated with the invariable plane (Laskar et al.
2011a). Two successive rotations allow us to pass from this
frame to the ICRF as explained in Appendix A. The variables
z = e exp(i$) and ζ = sin (i/2) exp(iΩ) are computed from
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Fig. 2: Eccentricity (a) and inclination (b) of Ceres for the solu-
tion La2011.
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Fig. 3: Eccentricity (a) and inclination (b) of Vesta for the solu-
tion La2011.
the noncanonical elliptical elements (a, λ, e, $, i,Ω), where a is
the semi-major axis, λ the mean longitude, e the eccentricity ,$
the longitude of the perihelion, i the inclination with respect to
the invariable plane, and Ω the longitude of the ascending node.
These elements are computed from the heliocentric positions and
velocities.
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Fig. 4: Difference for Ceres in eccentricity (a) and inclination (b)
between the solution La2011 and the secular solution.
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Fig. 5: Difference for Vesta in eccentricity (a) and inclination (b)
between the solution La2011 and the secular solution.
As made for the solution La2004 of Laskar et al. (2004b),
we perform a frequency analysis of the quantities zi and ζi on
[−20 : 0] Myr for the four inner planets and on [−50 : 0] Myr
for the four giant planets and Pluto to obtain the proper peri-
helion precession frequencies gi and ascending node precession
frequencies si in table 5.
The evolutions of the eccentricity and the inclination are rep-
resented for Ceres and Vesta on [−1 : 0] Myr respectively in
figures 2 and 3. For Ceres, the eccentricity oscillates between
0.0629 and 0.169 and the inclination between 8.77 and 10.6◦
on [−20 : 0] Myr. For Vesta, the eccentricity varies between
0.0392 and 0.160 and the inclination between 5.21 and 7.56◦ on
[−20 : 0] Myr. The amplitudes of the variations have the same
order of magnitude for Ceres and Vesta on [−250 : 250] Myr.
For Ceres and Vesta, we perform a frequency analysis of z
and ζ on the time interval [−25 : 5] Myr. We consider the 50 sec-
ular terms with the highest amplitudes which have a frequency in
the interval [−300 : 300] ′′/yr in tables B.1 and B.2 (Appendix
B). The frequency decompositions of tables B.1 and B.2 allow
us to obtain a secular solution, which reproduces the secular evo-
lution of the solution La2011 on [−20 : 0] Myr in figures 4 and
5, where the differences with the solution La2011 correspond to
the short-period terms excluded from the secular solution. It is
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Fig. 6: Secular frequencies gC (a) and sC (b) of Ceres on
[−250 : 250] Myr computed with a step of 5 Myr with the fre-
quency map analysis on an interval of 30 Myr. The error bars are
given by the precision of the frequency map analysis.
not the case for those obtained with a frequency analysis on the
time interval [−20 : 0] Myr.
These frequency decompositions are used in section 6 to
compute the orbital quantities in Eq. (21) needed for the secu-
lar integration of the rotation. The terms of weak amplitude can
play a role in the long-term rotation in the case of secular res-
onances. For instance, the passage through the resonance with
the frequency s6 + g5 − g6 is responsible for a decrease in the
obliquity of about 0.4◦ for the Earth (Laskar et al. 1993b; Laskar
et al. 2004b). Therefore, we add to the frequency decomposi-
tions of the variable ζ for Ceres the 100 following terms in the
interval [−45 : 60] ′′/yr and for Vesta the 100 following terms in
the interval [−34 : 60] ′′/yr. These boundaries have been chosen
such that they select the frequencies, which can play a role in
the long-term rotation without all the terms close to the principal
frequencies s.
For Ceres, the proper secular frequencies are gC = 54.2525±
0.0006′′/yr and sC = −59.254 ± 0.002′′/yr with the respec-
tively associated periods 23.888 kyr and 21.872 kyr. The first
50 secular terms of the frequency decompositions do not in-
clude proper frequencies of the inner planets. Their perturba-
tions on the orbital motions are then much weaker than those of
the giant planets. We observe the proximity of the frequencies
2g6 − g5 ≈ 52.23′′/yr and 2g6 − g7 ≈ 53.40′′/yr with gC . Reso-
nances with these two frequencies could affect the orbital motion
of Ceres.
For Vesta, the proper secular frequencies are gV = 36.895 ±
0.003′′/yr and sV = −39.609 ± 0.003′′/yr with respectively as-
sociated periods 35.13 kyr and 32.72 kyr. The proper frequen-
cies of the inner planets are not present except perhaps for the
frequency −17.74′′/yr, which could correspond to the node fre-
quency of Mars s4. Vesta has a shorter semi-major axis, and the
planetary perturbations of Mars are then more important than for
Ceres, which could explain the presence of this frequency with
a higher amplitude.
As in Laskar (1990), we estimate the size of the chaotic
zones and perform a frequency analysis of the solution La2011
on sliding intervals of 30 Myr over [−250 : 250] Myr with
a 5 Myr step size. The evolutions of the proper frequen-
cies of Ceres and Vesta are respectively in figures 6 and
7. The values of frequencies gC and sC vary respectively in
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Fig. 7: Secular frequencies gV (a) and sV (b) of Vesta on
[−250 : 250] Myr, computed with a step of 5 Myr with the fre-
quency map analysis on an interval of 30 Myr. The error bars are
given by the precision of the frequency map analysis.
Ceres Vesta
J2 2.6499 × 10−2 7.1060892 × 10−2
R (km) 470 265
ω (rad.s−1) 1.923403741 × 10−4 3.26710510494 × 10−4
C 0.393 0.409
Table 6: Physical characteristics of Ceres and Vesta used for the
computation of the long-term rotation.
about [54.225 : 54.261] ′′/yr and [−59.263 : −59.209] ′′/yr, and
gV and sV respectively in about [36.809 : 36.939] ′′/yr and
[−40.011 : −39.514] ′′/yr. The secular frequencies vary because
of the chaotic diffusion, which is then higher for Vesta than for
Ceres. The frequency sV has the highest diffusion with a decrease
of about 0.50′′/yr on [115 : 220] Myr.
4.3. Rotational motion Ceres2017
The solution La2011 does not include the integration of the ro-
tation axes of Ceres and Vesta. We compute then the solution
Ceres2017 where the spin axes of Ceres and Vesta are integrated
with the symplectic method presented in section 2.1. We con-
sider the interactions between the orbital and rotational motions
and the torques exerted by the Sun and the planets on Ceres and
Vesta. As they are in La2011, Ceres, Vesta, Pallas, Iris, and Bam-
berga are considered planets and exert a torque on Ceres and
Vesta. We use the same initial condition for the orbital motion
as in La2011. To integrate the long-term rotation, we use the pa-
rameters listed in table 6 and the initial conditions for the rotation
axis in table 2. The integration is realized on [−100 : 100] Myr
in extended precision with a time step of 0.005 yr. We use the
integrator SABAC3 developed for perturbed Hamiltonians by
Laskar & Robutel (2001). A symmetric composition of this inte-
grator with the method of Suzuki (1990) allows one to obtain a
higher order integrator, as indicated in Laskar & Robutel (2001).
The differences between La2011 and Ceres2017 for the ec-
centricity and inclination of Ceres and Vesta oscillate around
zero. The amplitudes on [−20 : 0] Myr are about 0.008 and 0.1◦
for the eccentricity and the inclination of Ceres and about 0.02
and 0.2◦ for Vesta. These differences have similar amplitudes to
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Fig. 8: Obliquity of Ceres on [−100 : 0] kyr (a), [−1 : 0] Myr
(b) and [−20 : 0] Myr (c). In (a) the obliquity caused only by the
change in orientation of the orbit is represented by the red curve.
those observed for a small change (1 × 10−10 rad) of the initial
mean longitude λ of Ceres and Vesta. Therefore, they come from
the chaotic behavior for the orbital motions of Ceres and Vesta
(Laskar et al. 2011b) and are thus not significant.
The evolution of the obliquity is represented on the time in-
tervals [−100 : 0] kyr, [−1 : 0] Myr and [−20 : 0] Myr in fig-
ures 8 and 9 respectively for Ceres and Vesta. For Ceres, we
obtain similar results to Bills & Scott (2017) and Ermakov
et al. (2017a) with oscillations between about 2.06 and 19.6◦ on
[−20 : 0] Myr. For Vesta, we observe oscillations between 21.4
and 44.1◦. The amplitudes of the oscillations of the obliquities
of Ceres and Vesta are similar on [−100 : 100] Myr.
We perform the frequency analysis of the solution Ceres2017
on the time interval [−20 : 0] Myr. The frequency decomposi-
tions of the quantity wx + iwy, where wx and wy are the co-
ordinates in the invariant frame of the component parallel to
the invariable plane of the normalized angular momentum, are
in tables B.3 and B.4 (Appendix B) respectively for Ceres and
Vesta. For Ceres, the precession frequency of the rotation axis
is then fC = −6.1588 ± 0.0002′′/yr, which corresponds to a
precession period of about 210.43 kyr and is consistent with
the precession period of 210 kyr determined by Ermakov et al.
(2017a). For Vesta, the precession frequency of the rotation axis
is fV = −12.882 ± 0.002′′/yr, which corresponds to a period of
precession of about 100.61 kyr.
Skoglöv et al. (1996) noticed that bodies like Ceres and
Vesta, which have a high inclination and a precession frequency
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Fig. 9: Obliquity of Vesta on [−100 : 0] kyr (a), [−1 : 0] Myr
(b) and [−20 : 0] Myr (c). In (a) the obliquity caused only by the
change in orientation of the orbit is represented by the red curve.
of the ascending node higher than the precession frequency of
the rotation axis, could have strong variations in the obliquity.
Indeed, the obliquity is given by
cos  = n.w = cos i cos l + sin i sin l cos (Ω − L) (57)
with (l, L) the inclination and the longitude of the ascending node
of the equatorial plane and (i,Ω) those of the orbital plane in the
frame of the invariable plane. Then the precession of the ascend-
ing node causes obliquity variations if the inclination of the or-
bital plane is not null. The inclination of the orbit plane with re-
spect to the initial equatorial plane is represented by a red curve
in figures 8 and 9 respectively for Ceres and Vesta. For Ceres,
a large part of the amplitude of the obliquity is caused by the
precession of the ascending node, which creates oscillations be-
tween 2.1 and 17.1◦ on [−100 : 0] kyr. For Vesta, the contribu-
tion is less important.
We have integrated for the time interval [−100 : 0] Myr the
rotation of Ceres and Vesta for different normalized polar mo-
ments of inertia respectively in the intervals [0.380 : 0.406] and
[0.390 : 0.430]. For Ceres, all the different normalized polar
moments of inertia give solutions for the obliquity with oscil-
lations of similar amplitude (Fig. 10), as noticed by Ermakov
et al. (2017a). The mean differences come from the precession
frequency, which depends on the normalized polar moment of
inertia. A small difference on the precession frequency causes
a phase difference, which grows when the time increases. For
Vesta, the obliquity solutions of the different normalized polar
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Fig. 10: Maximum, mean, and minimum obliquities respectively
in red, black, and blue for Ceres on [−20 : 0] Myr with respect
to the normalized polar moment of inertia.
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Fig. 11: Maximum, mean, and minimum obliquities respectively
in red, black, and blue for Vesta on [−20 : 0] Myr with respect
to the normalized polar moment of inertia.
moments of inertia have all oscillations of similar amplitude
(Fig. 11) except for the solution obtained for C = 0.406. Be-
cause of a secular resonance with the orbital frequency 2s6 −
sV (see section 6.2.2), the obliquity can decrease to 18.9◦ on
[−20 : 0] Myr for C = 0.406.
5. Secular model for the orbital motion
In section 4.2, we have observed the proximity of Ceres with
the resonances of the frequencies 2g6 − g5 ≈ 52.23′′/yr and
2g6 − g7 ≈ 53.40′′/yr. If Ceres is close to these two resonances
and if these resonances overlap, it could affect its orbital motion
and therefore the rotational motion. We have especially seen in
section 4.3 that the values of the inclination have direct conse-
quences on the variations of the obliquity. Moreover, as noted
by Laskar & Robutel (1993), the chaotic behavior of the orbital
motion can widen by diffusion the possible chaotic zones of the
rotation axis.
A secular model can be obtained from the secular Hamilto-
nian of Ceres and Vesta to get secular equations, which are inte-
grated much faster than full equations. From the development of
the secular Hamiltonian of Laskar & Robutel (1995), we build
a secular model of Ceres and Vesta perturbed only by Jupiter
and Saturn, which allows us to identify the important terms of
the planetary perturbations and to study the close secular reso-
nances.
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5.1. Hamiltonian secular model
Laskar & Robutel (1995) computed the development of the
Hamiltonian of the planetary perturbations. We consider the case
of a body only perturbed by Jupiter and Saturn. From Laskar &
Robutel (1995), the Hamiltonian is
H =
6∑
i=5
∑
k,k′
∑
N
ΓN (Λ,Λi) XnXn
′
i X
n
X
n′
i Y
mYm
′
i Y
m
Y
m′
i e
i(kλ+k′λi)
(58)
with N = (n, n′, n, n′,m,m′,m,m′) and the coefficients
ΓN (Λ,Λi), which depend only on the ratio of the semi-
major axes. The Poincaré rectangular canonical coordinates
(Λ, λ, x,−ix, y,−iy) are defined by
Λ = β
√
µa, (59)
x =
√
Λ
(
1 −
√
1 − e2
)
ei$, (60)
y =
√
Λ
√
1 − e2 (1 − cos i)eiΩ, (61)
with β = mM/(m + M), µ = G(m + M) and m the mass
of the perturbed body. The variables X and Y are given by X =
x
√
2/Λ and Y = y/
√
2Λ (Laskar & Robutel 1995). We select the
terms verifying the secular inequality (0, 0) for (k, k′) to obtain
the secular part of the Hamiltonian (Eq. (58)) and we consider
the case of a massless perturbed body.
The secular interaction Hamiltonian has been computed for
the order 1 in mass and the degree 4 in eccentricity and incli-
nation. We perform a frequency analysis of the solution La2011
on [−20 : 0] Myr and conserve only the main secular terms to
create a secular solution of Jupiter and Saturn, which we inject
in the Hamiltonian. The Hamiltonian depends then only on time
and on X, Y . The equations of the motion are
dX
dt
= −2i
Λ
∂H
∂X
(62)
dY
dt
= − i
2Λ
∂H
∂Y
. (63)
5.2. Adjustment of the secular model
Equations (62, 63) are integrated with a step size of 100 years
with a numerical integrator Runge-Kutta 8(7) on [−20 : 0] Myr.
The obtained solution allows us to reproduce the amplitudes of
the oscillations of the eccentricity and the inclination of the so-
lution La2011. However, there are differences in the proper fre-
quencies g and s with the solution La2011. These differences
of frequency cause phase differences between the perihelion and
ascending node longitudes, which grow approximately linearly
with time. The secular model does not allow us then to reproduce
the solution La2011 (Figs. 12 and 13). To increase the precision
of the secular model, it is possible to increase the order of the
secular Hamiltonian, but this only allows us to partly reduce the
differences in the frequencies.
As was done by Laskar (1990), we adjust the secular fre-
quencies of the model. The differences in the perihelion and as-
cending node longitudes between the solution La2011 and the
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Fig. 12: Difference in eccentricity (a) and inclination (b) for
Ceres between the solution La2011 and the Hamiltonian secular
model with adjustment of the frequencies in black, and without
in red.
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Fig. 13: Difference in eccentricity (a) and inclination (b) for
Vesta between the solution La2011 and the Hamiltonian secular
model with adjustment of the frequencies in black, and without
in red.
secular model are fitted by the affine functions At + d$0 and
Bt + dΩ0. The frequencies of the secular model are adjusted by
applying the following procedure to obtain the Hamiltonian H′
H′ = H − AΛ
2
XX − 2BΛYY . (64)
The initial conditions for the perihelion longitudes and ascend-
ing node longitudes are also respectively corrected by the quanti-
ties d$0 and dΩ0. The initial conditions for the eccentricity and
the inclination are also slightly corrected. We iterate this proce-
dure until we obtain a difference between the solution La2011
and the secular model, which has a mean close to zero for the
four quantities e, i, $, and Ω. The adjustment of the frequen-
cies is then about A ≈ 4.1′′/yr and B ≈ 0.20′′/yr for Ceres and
A ≈ 0.51′′/yr and B ≈ −0.41′′/yr for Vesta. The differences for
the eccentricity and the inclination between the two solutions
then oscillate around zero and correspond to short-period terms,
which are not reproduced by the secular Hamiltonian (Figs. 12
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Fig. 14: Eccentricity (a), inclination (b), and frequency gC (c)
with respect to A for Ceres. For (a) and (b), the red, black, and
blue curves correspond respectively to the maximum, mean, and
minimum values. The vertical red line represents the value ofA
for the secular model.
and 13). On [−20 : 0] Myr, the maximum differences in abso-
lute value between the solution La2011 and the adjusted secular
model are then 0.0082 and 0.23◦ for the eccentricity and the in-
clination of Ceres and 0.013 and 0.65◦ for the eccentricity and
the inclination of Vesta.
This Hamiltonian model with the adjustment of the frequen-
cies g and s allows us to reproduce the variations in the eccen-
tricity and the inclination of Ceres and Vesta on [−20 : 0] Myr.
Therefore, the long-term orbital dynamics of Ceres and Vesta is
given for the most part by the planetary perturbations of Jupiter
and Saturn, as noticed by Skoglöv et al. (1996) for Ceres and
Vesta and Ermakov et al. (2017a) for Ceres.
5.3. Study of the close resonances
This model allows us to study the resonances close to Ceres and
Vesta. The integration of the secular Hamiltonian is about 104
faster than the complete integration and allows us to proceed to
many integrations with different parameters A and B near the
values used for the models to see the effects of the close secular
resonances. For each value of these parameters, Eqs. (62, 63) are
integrated on [−20 : 0] Myr and the secular frequencies g and s
are determined with the frequency analysis.
For Ceres, the evolutions of the eccentricity, the inclination,
and the frequency gC are in figure 14 for A ∈ [0 : 6] ′′/yr. The
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Fig. 15: Eccentricity (a), inclination (b), and frequency sC (c)
with respect to B for Ceres. For (a) and (b), the red, black, and
blue curves correspond respectively to the maximum, mean, and
minimum values. The vertical red line represents the value of B
for the secular model.
resonance with the frequency 2g6 − g5 ≈ 52.23′′/yr, present in
the secular motion of Jupiter and Saturn, acts for about gC ∈
[51.32 : 53.16] ′′/yr. The maximum and minimum eccentricities
vary respectively from 0.18 to 0.27 and from 0.04 to 0.0002. The
maximum inclination rises from 10.6 to 11.1◦, which would in-
crease the variations in the obliquity, as noticed in section 4.3.
For about gC ∈ [53.21 : 53.60] ′′/yr, there is a resonance with
the frequency 2g6−g7 ≈ 53.40′′/yr present in the secular motion
of Jupiter and Saturn, and the maximum eccentricity increases
from 0.17 to 0.19. Therefore, the resonance with the frequency
2g6 − g7 has a weaker chaotic nature than that with 2g6 − g5. In
section 4.2 we have given the interval [54.225 : 54.261] ′′/yr as
an estimation of the variation in the frequency gC because of the
chaotic diffusion on [−250 : 250] Myr. Therefore, the chaotic
diffusion of Ceres is too weak to put Ceres in resonance with
the frequencies 2g6 − g5 and 2g6 − g7 on [−250 : 250] Myr. The
frequency g7 + 2g6 − 2g5 ≈ 51.06′′/yr in the motion of Jupiter
and Saturn causes a resonance with weaker but observable ef-
fects on the eccentricity for gC ∈ [50.97 : 51.20] ′′/yr. In the
secular model of the motions of Jupiter and Saturn, we find the
frequency 3g6 − 2g5 + s6 − s7 ≈ 52.87′′/yr with a smaller am-
plitude and it is then difficult to distinguish its effects from those
of the resonance with the frequency 2g6 − g5. The evolutions
of the eccentricity, the inclination, and the frequency sC are in
figure 15 for B ∈ [−3 : 3] ′′/yr and have slight irregularities for
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Fig. 16: Eccentricity (a), inclination (b), and frequency gV (c)
with respect to A for Vesta. For (a) and (b), the red, black, and
blue curves correspond respectively to the maximum, mean, and
minimum values. The vertical red line represents the value ofA
for the secular model.
sC ∈ [−59.95 : −59.73] ′′/yr. This frequency interval does not
correspond to a term used for the secular motion of Jupiter and
Saturn.
For Vesta, the evolutions of the eccentricity, the inclination,
and the frequency gV are in figure 16 for A ∈ [−3 : 3] ′′/yr.
For gV ∈ [34.56 : 35.25] ′′/yr, there is a resonance with the
frequency 2g5 − s6 ≈ 34.86′′/yr where the maximum eccen-
tricity increases from 0.17 to 0.19 and the maximum inclina-
tion from 7.5 to 8.0◦. For gV ∈ [38.86 : 39.12] ′′/yr, the maxi-
mum inclination increases from 7.6 to 7.7◦. This area does not
correspond to terms used for the secular motion of Jupiter and
Saturn. The evolutions of the eccentricity, the inclination, and
the frequency sV are in figure 17 for B ∈ [−3 : 3] ′′/yr. For
sV ∈ [−41.71 : −41.49] ′′/yr, the inclination can increase from
7.3 to 7.4◦. This resonance does not match any term used for the
secular motion of Jupiter and Saturn.
6. Stability of the rotation axes
In this section we are interested in the study of the long-term
stability of the rotation axis. Like in Laskar et al. (1993a) and
Laskar & Robutel (1993), the stability of the rotation axis can
be estimated using frequency analysis. We determine the preces-
sion frequency f1 on the interval [−20 : 0] Myr and the preces-
sion frequency f2 on the interval [−40 : −20] Myr. The quantity
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Fig. 17: Eccentricity (a), inclination (b), and frequency sV (c)
with respect to B for Vesta. For (a) and (b), the red, black, and
blue curves correspond respectively to the maximum, mean, and
minimum values. The vertical red line represents the value of B
for the secular model.
σ = |( f1 − f2)/ f1| gives an estimate of the diffusion of the pre-
cession frequency (Laskar 1993; Dumas & Laskar 1993). For an
integrable system, this quantity must stay null. For a weakly per-
turbed system, this quantity is small, but increases if the system
becomes chaotic.
6.1. Secular solution for the obliquity
We integrate the secular equation (21) with an Adams integra-
tor and a step size of 100 years. The normal to the orbit n and
the eccentricity e are computed from the secular orbital solution
obtained from the secular frequency decompositions in section
4.2. We use the initial conditions for the rotation axis of table
2. The secular solutions for the obliquities are compared to the
nonsecular ones for Ceres and Vesta in figure 18 for the time in-
terval [−20 : 0] Myr. The secular computation of the obliquity,
which is about 1 million times faster, allows us then to reproduce
correctly the evolution of the obliquity.
The secular orbital solution has initial conditions different
from those of solution La2011 because we have removed the
short-period variations in figures 4 and 5. This modifies the ini-
tial obliquities of Ceres and Vesta of about 0.02◦ for Ceres and
−0.05◦ for Vesta, and could explain the differences observed in
figure 18.
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We integrate on [−40 : 0] Myr the rotation axis with the
symplectic method of the section 2.1 and the secular equation
(21). For both integrations the initial obliquities vary from 0 to
100◦ with a step of 0.5◦. The diffusion of the precession fre-
quency is represented in figure 19 with respect to the initial
obliquity. For Ceres, the diffusion is quite similar with close am-
plitude and evolution and the areas with a strong increase in σ
allow us to recognize resonances with the orbital frequencies for
the two cases. For Vesta, the diffusion σ is higher for the secular
solution. However, the areas with high values of the diffusion σ
correspond. The secular and nonsecular solutions of the obliq-
uity thus have close stability properties.
6.2. Study of the close resonances
We integrate the secular equation (21) on [−40 : 0] Myr for dif-
ferent precession constants in an interval with a step of 0.01′′/yr
to determine the effects of the resonances.
6.2.1. Ceres
The precession frequency, its diffusion, and the variations in the
obliquity are represented for Ceres in figure 20 with respect to
the precession constant in the interval [0.01 : 12] ′′/yr. We ob-
serve areas with strong variations in the diffusion, specified in
table 7, which correspond to resonances with orbital frequen-
cies. Most of these frequencies are already present in the fre-
quency decompositions of the variables z and ζ used for the con-
struction of the secular solution. The quantities n and e, which
appear in the secular equation (21) and which are used to ob-
tain the angular momentum w, are computed from the secular
solution of the variables z and ζ, and can include additional fre-
quencies. To identify the remaining frequencies in table 7, we
then perform a frequency analysis of the quantities nx + iny and
(nx + iny)/(1 − e2)3/2, where nx and ny are the coordinates in the
invariant frame of the component parallel to the invariable plane
of the normal to the orbit n. We find no trace of the remain-
ing frequencies in the first 4000 terms of the frequency analysis
of nx + iny. In the first 4000 terms of the frequency analysis of
(nx+ iny)/(1−e2)3/2, we find the missing frequencies of the areas
identified in table 7. The variations in the eccentricity are then
responsible for the apparition of additional secular resonances
between the orbital and the rotational motions.
We note in particular the appearance of the resonance with
the frequency sC + 2(gC − g6) + (g5 − g7) ≈ −6.07′′/yr, which is
included in the interval of uncertainty of the precession constant.
Therefore, Ceres could be in resonance with this frequency.
However, this effect on the obliquity is very limited. In the vicin-
ity of the interval of uncertainty, we observe a narrow area with a
small decrease up to 1◦ of the minimum obliquity because of the
resonance with the frequency sC + (3gC −4g6 +g7) ≈ −6.39′′/yr.
More distant resonances have stronger effects on the obliquity
of Ceres. The resonance with the frequency sC + (gC − g5) ≈
−9.26′′/yr causes variations in the obliquity in the interval be-
tween 0 and almost 40◦ and that with s7 ≈ −2.99′′/yr variations
between 0 and almost 30◦. Ceres is closer to a less important
resonance with sC + 2(gC − g6) ≈ −7.24′′/yr, where there are
variations in the obliquity between 0 and 26◦. However Ceres
should have a precession constant between about 7.15′′/yr and
7.85′′/yr to be inside this resonance.
In figure 20, we see the diffusion for the precession con-
stants computed with a rotation rate that is 7% higher (Mao
& McKinnon 2018), as discussed in section 3.2.4. If the early
-4
-3
-2
-1
0
1
2
3
4
−20 −15 −10 −5 0
-1.5
-1.0
-0.5
0.0
0.5
1.0
1.5
δ
(◦
)
time (Myr)
b)
δ
(◦
)
a)
Fig. 18: Difference between the solution Ceres2017 and the sec-
ular solution for the obliquity of Ceres (a) and of Vesta (b) on
[−20 : 0] Myr.
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Fig. 19: Diffusion of the precession frequency with respect to the
initial obliquity for the complete solution (in black) and for the
secular solution (in red) for Ceres (a) and Vesta (b).
Ceres were in hydrostatic equilibrium, as supposed by Mao &
McKinnon (2018), it could be in resonance with the frequencies
s1 ≈ −5.61′′/yr, sC + 2(gC − g6) + (g5 − g7) ≈ −6.07′′/yr and
sC + (3gC − 4g6 + g7) ≈ −6.39′′/yr, which have weak effects
on the obliquity as seen in figure 20 and the amplitudes of the
oscillations of the obliquity would be similar. The events or phe-
nomena, which would have changed its rotation rate, would not
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Fig. 20: Obliquity (a), precession frequency (b), and diffusion
of the precession frequency (c) for Ceres on [−40 : 0] Myr with
respect to the precession constant. In (a) the maximum, mean,
and minimum obliquities are respectively in red, black, and blue.
In (c) the rectangle A represents the precession constants for
C ∈ [0.380 : 0.406] with a vertical red line for C = 0.393.
B corresponds to the precession constants in [5.91 : 6.77]′′/yr
with a vertical red line for α = 6.34′′/yr computed in section
3.2.4 for a spin rate 7% higher (Mao & McKinnon 2018).
have significantly changed the interval of variation in the obliq-
uity.
As discussed in section 3.2.4, if the early Ceres were in
hydrosatic equilibrium and the shape and the internal structure
had not changed as supposed by Mao & McKinnon (2018), the
present Ceres would have a precession constant in the interval
[6.58 : 6.98] ′′/yr for a normalized polar moment of inertia of
C = 0.371. With these precession constants, Ceres could be in
resonance with the frequency sC + (3gC − 4g6 + g7) ≈ −6.39′′/yr
(table 7) with no significant changes in the obliquity.
6.2.2. Vesta
The precession frequency, its diffusion, and the variations in the
obliquity are represented for Vesta in figure 21 with respect to
the precession constant in the interval [10 : 22] ′′/yr. The fre-
quencies of the resonances are in table 8. We identify the fre-
quencies 2s6 − sV ≈ −13.09′′/yr, sV − g5 + g6 ≈ −15.62′′/yr,
and −17.74′′/yr, which are among the frequencies of the secu-
lar model. As for Ceres, we perform a frequency analysis of the
quantities nx+iny and (nx+iny)/(1−e2)3/2 to identify the remain-
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Fig. 21: Obliquity (a), precession frequency (b), and diffusion
of the precession frequency (c) for Vesta on [−40 : 0] Myr with
respect to the precession constant. In (a) the maximum, mean,
and minimum obliquities are respectively in red, black, and blue.
In (c) the rectangle A represents the precession constants forC ∈
[0.390 : 0.430] with a vertical red line for C = 0.409 and B the
same but before the two giant impacts.
ing frequencies. We do not find them in the frequency analysis
of nx + iny, but in the frequency analysis of (nx + iny)/(1− e2)3/2
we find the frequencies −9.09′′/yr, s7 − (gV − g6) ≈ −11.65′′/yr,
sV + (g6 − g7) ≈ −14.46′′/yr, which can correspond to the areas
identified in table 8. As for Ceres, the variations of the eccentric-
ity are responsible for the appearance of some resonances. The
interval of frequency [−11.16 : −10.93] ′′/yr in table 8 does not
correspond to any term of the frequency analysis.
The resonance which has the most important effect in the
vicinity of Vesta is that with the frequency −17.74′′/yr. If the
maximum obliquity increases by about 3◦, the minimum obliq-
uity decreases by about 10◦. The domain of the resonance with
the frequency 2s6 − sV ≈ −13.09′′/yr is included in the uncer-
tainty interval for the precession constant. We have observed in
section 4.3 that for the value C = 0.406 of the normalized polar
moment of inertia, the minimum obliquity decreases compared
to the evolution of the obliquity for the other normalized polar
moments of inertia. We can see here that it is an effect of the res-
onance with the frequency 2s6 − sV . In this resonance, the mini-
mum obliquity can decrease to 17.6◦ and the maximum obliquity
can increase to 47.7◦.
In figure 21, we observe the diffusion for the precession con-
stants computed with the paleorotation rate of the early Vesta
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determined by Fu et al. (2014) and the physical parameters dis-
cussed in section 3.3.4. The two giant impacts could then have
put Vesta closer to the resonance with the frequency 2s6 − sV ,
which involves the crossing of two small resonances and could
also have slightly increased the interval of variation of the obliq-
uity.
6.3. Global stability of the rotation axis
As in Laskar et al. (1993a) and in Laskar & Robutel (1993),
we look for the long-term stability of the rotation axis. We in-
tegrate the rotation axis on [−40 : 0] Myr with the secular equa-
tion (21) on a grid of 24120 points for initial obliquities from 0
to 100◦ with a step of 0.5◦ and for precession constants from 0.5
to 60′′/yr with a step of 0.5′′/yr.
The precession frequency corresponds in the frequency anal-
ysis to the frequency with the largest amplitude. However, in the
case of an important resonance, the frequency with the largest
amplitude can correspond to the resonance frequency. We also
consider as precession frequency the one with the largest ampli-
tude, for which the difference with the frequencies s and s6 is
larger than 5 × 10−3′′/yr.
6.3.1. Ceres
In figure 22, we see the value of the quantity log10 (σ), the max-
imum amplitude of the obliquity on [−40 : 0] Myr, which corre-
sponds to the difference between the minimum and maximum
obliquities on [−40 : 0] Myr and the precession frequency of
Ceres obtained by frequency analysis on [−20 : 0] Myr. The po-
sition of Ceres for the epoch J2000 is indicated with a white
circle.
Ceres is in a quite stable zone and is far from the most
chaotic zones, which correspond to the resonance with the fre-
quencies sC , s6 and sC+(gC − g6). The motion of its rotation axis
is relatively stable although Ceres has a precession frequency
fC = −6.1588′′/yr (table B.3) close to the node precession fre-
quencies of the inner planets, Mercury s1 = −5.61′′/yr and
Venus s2 = −7.06′′/yr (table 5). The secular orbital motion of
Ceres is almost entirely determined by the planetary perturba-
tions of Jupiter and Saturn (section 5.2), and the amplitudes of
frequencies of the inner planets are small in the motion of the as-
cending node of Ceres. Therefore, the width of these resonances
is small and they do not overlap, contrary to the case of the inner
planets (Laskar & Robutel 1993).
The resonances with the frequencies s7 and s8 have more
important effects than those with the inner planets. These res-
onances can increase the amplitude of the obliquity of several
degrees. With the present precession constant, we see that the
resonance with s7 can affect the rotation axis of Ceres only if
Ceres has an initial obliquity of about 70◦ and the resonance
with s8 can affect Ceres if the initial obliquity is about 90◦.
The resonance with the frequency s6 has large amplitudes of the
obliquity, but does not correspond to that of the most chaotic
zone except when it overlaps with the resonance at the frequency
sC + (gC − g6). As for the case of the planets, as noted by Laskar
& Robutel (1993), the resonance with the frequency s6 is iso-
lated.
The most important nearby resonance is with the frequency
sC + (gC − g5) ≈ −9.24′′/yr, which has a significant effect on the
amplitude of the obliquity. For an initial obliquity between 0 and
10◦, the amplitude of the obliquity passes from about 20 to 40◦.
However, this resonance has a limited width of about 1′′/yr and
it has no influence on Ceres.
6.3.2. Vesta
The diffusion log10 (σ), the maximum amplitude of the obliquity,
and the precession frequency are represented for Vesta in figure
22. Vesta for the epoch J2000 is indicated with a white circle.
Vesta is at the boundary of a relatively stable region. Vesta
is far from the chaotic zone created by the resonances with the
frequencies sV and s6 and is close to the resonance with the or-
bital frequency 2s6 − sV . The most important resonance in the
vicinity is the one with the frequency −17.74′′/yr, which could
correspond to the frequency s4. In this resonance, the amplitude
of the obliquity passes about from 30 to 40◦. Because of this
limited width, it has no influence on Vesta. The effect of the res-
onances with the frequencies s7 and s8 are less important than
for Ceres. The resonance with s7 increases the amplitude of the
obliquity only by a few degrees. As for Ceres, the resonance with
the frequency sV + (gV − g5) ≈ −6.97′′/yr still has an important
effect on the amplitude of the obliquity, which increases from
about 20 to 30◦ in the resonance.
Like Ceres, Vesta has a precession frequency fV =
−12.882′′/yr (table B.4) close to the node precession frequen-
cies of the inner planets, the Earth s3 = −18.848′′/yr, and Mars
s4 = −17.751′′/yr (table 5), but their perturbations on the orbit
of Vesta are too weak to have significant consequences on the
stability of the rotation axis for the present Vesta.
The early Vesta is represented in figure 22 by a white square
for the precession constant computed from the supposed rota-
tional parameters before the two giant impacts. The early Vesta
would also be in a more stable region. As seen in section 6.2.2,
the two giant impacts could have put Vesta closer to the reso-
nance with the orbital frequency 2s6 − sV .
7. Conclusion
We applied the method of Farago et al. (2009) to realize a sym-
plectic integration of the rotation axes only averaged over the fast
proper rotation. The obliquity variations of Ceres have been ob-
tained between 2 and 20◦ for the last 20 Myr in agreement with
the results of Bills & Scott (2017) and Ermakov et al. (2017a).
If we use for Ceres the value of the normalized polar moment
of inertia C = 0.395 (Eq. (18)), which takes into account the
nonspherical form of Ceres, we obtain obliquity variations in the
same interval and the frequency precession decreases in abso-
lute value of about 0.5% with respect to the value obtained for
C = 0.393. For Vesta, the obliquity variations are between 21
and 45◦ for the last 20 Myr. As noted by Skoglöv et al. (1996),
these large variations in the obliquity are due to the significant in-
clinations of Ceres and Vesta with respect to the invariable plane.
The secular orbital model in section 5 has allowed us to show
that the chaotic diffusion of the secular frequency gC of Ceres
does not seem sufficiently important to put Ceres in a secular
orbital resonance with the frequencies 2g6 − g5 and 2g6 − g7. For
Vesta, the chaotic diffusion of the secular frequencies is more
important especially for sV . This model has also allowed us to
show that a secular model of Ceres and Vesta only perturbed by
Jupiter and Saturn could entirely reproduce their secular orbital
motions. The secular orbital dynamics of Ceres and Vesta is then
dominated by the perturbations of Jupiter and Saturn, as noted
by Skoglöv et al. (1996) for Ceres and Vesta and confirmed by
Ermakov et al. (2017a) for Ceres.
Article number, page 17 of 24
A&A proofs: manuscript no. article
α
(′′
/y
r)
0 (◦)
0
10
20
30
40
50
60
0 10 20 30 40 50 60 70 80 90 100
a)
b)
c)
f C
(′′
/y
r)
-37
-30
-20
-10
0
3
α
(′′
/y
r)
0
10
20
30
40
50
60

(◦
)
15
20
30
40
50
60
70
74
α
(′′
/y
r)
0
10
20
30
40
50
60
lo
g 1
0(
σ
)
-6
-5
-4
-3
-2
-1
α
(′′
/y
r)
0 (◦)
0
10
20
30
40
50
60
0 10 20 30 40 50 60 70 80 90 100
d)
e)
f)
f V
(′′
/y
r)
-57
-50
-40
-30
-20
-10
0
10
13
α
(′′
/y
r)
0
10
20
30
40
50
60

(◦
)
12
20
30
40
50
60
70
80
88
α
(′′
/y
r)
0
10
20
30
40
50
60
lo
g 1
0(
σ
)
-6
-5
-4
-3
-2
-1
Fig. 22: Stability of the rotation axis (a,d), amplitude of the obliquity on [−40 : 0] Myr (b,e), precession frequency on [−20 : 0] Myr
(c,f) respectively for Ceres and Vesta with respect to the initial obliquity and the precession constant for a grid of 24120 points.
The white circles represent Ceres and Vesta for the epoch J2000. The color scale of the diffusion is represented on [−6 : −1],
although log10 (σ) takes values outside this interval. For (a) and (d), red points correspond to log10(σ) ≥ −1 and black points to
log10(σ) ≤ −6. For (d,e,f), the white squares represent Vesta before the two giant impacts.
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α (′′/yr) frequency (′′/yr) identification approximate value
[0.52 : 1.10] [−1.07 : −0.51] s8 −0.69′′/yr *
[1.77 : 2.00] [−1.94 : −1.72] s7 + (g5 − g7) −1.83′′/yr *
[2.19 : 2.60] [−2.52 : −2.12] s6 − (g5 − g6) −2.36′′/yr *
[2.76 : 3.49] [−3.38 : −2.67] s7 −2.99′′/yr *
[4.21 : 4.54] [−4.38 : −4.07] s7 − (g5 − g7) −4.16′′/yr *
[5.14 : 5.34] [−5.15 : −4.96] s7 − (gC + g5 − 2g6) −5.01′′/yr
[5.36 : 5.60] [−5.39 : −5.16] sC + (3gC + g5 − 4g6) −5.22′′/yr *
[5.75 : 6.04] [−5.81 : −5.54] s1 −5.61′′/yr *
[6.21 : 6.48] [−6.23 : −5.97] sC + 2(gC − g6) + (g5 − g7) −6.07′′/yr
[6.52 : 6.79] [−6.52 : −6.27] sC + (3gC − 4g6 + g7) −6.39′′/yr *
[7.15 : 7.85] [−7.53 : −6.86] sC + 2(gC − g6) −7.24′′/yr *
[8.10 : 8.29] [−7.94 : −7.76] sC − (s6 − s7 − 2gC − g5 + 3g6) −7.88′′/yr
[8.34 : 8.51] [−8.16 : −7.99] sC + (gC − g7) −8.09′′/yr *
[8.63 : 8.95] [−8.56 : −8.27] sC + 2(gC − g6) − (g5 − g7) −8.41′′/yr *
[9.48 : 10.19] [−9.66 : −9.04] sC + (gC − g5) −9.26′′/yr *
[10.48 : 10.75] [−10.19 : −9.95] sC − (g5 − 2g6 + g7) −10.11′′/yr *
[10.93 : 11.12] [−10.55 : −10.37] sC + (gC − 2g5 + g7) −10.43′′/yr *
[11.15 : 11.37] [−10.78 : −10.58] sC + (s6 − s7 − 3(g5 − g6)) −10.65′′/yr
[11.51 : 11.66] [−11.03 : −10.90] sC − (gC + g5 − 4g6 + 2g7) −10.96′′/yr
[11.75 : 11.99] [−11.40 : −11.11] sC − 2(g5 − g6) −11.28′′/yr *
Table 7: Areas with strong variations in the diffusion in figure 20 for Ceres. The sign * indicates the frequencies used to construct
the secular orbital solution in section 4.2.
α (′′/yr) frequency (′′/yr) identification approximate value
[10.71 : 11.07] [−9.24 : −8.95] −9.09′′/yr
[13.16 : 13.45] [−11.16 : −10.93]
[13.84 : 14.18] [−11.74 : −11.47] s7 − (gV − g6) −11.65′′/yr
[14.89 : 16.48] [−13.54 : −12.30] 2s6 − sV −13.09′′/yr *
[17.36 : 18.18] [−14.82 : −14.22] sV + (g6 − g7) −14.46′′/yr
[18.77 : 19.67] [−16.02 : −15.25] sV − (g5 − g6) −15.62′′/yr *
[20.12 : 21.98] [−18.12 : −16.34] −17.74′′/yr *
Table 8: Areas with strong variations in the diffusion in figure 21 for Vesta. The sign * indicates the frequencies used to construct
the secular orbital solution in section 4.2.
Ceres and Vesta have precession frequencies close to the sec-
ular orbital frequencies of the terrestrial planets, as is the case for
Mars. The precession frequency of Ceres is close to secular or-
bital frequencies of Mercury and Venus and that of Vesta to sec-
ular orbital frequencies of the Earth and Mars. However, their
long-term rotations are relatively stable. They are in an orbital
region where the perturbations of Jupiter and Saturn dominate
the secular orbital dynamics and the perturbations of the inner
planets are relatively weak. The secular resonances with the in-
ner planets have smaller widths and do not overlap, contrary to
the case of the inner planets.
This is an illustration that the stability of the long-term rota-
tion depends strongly on the orbital motion. For Ceres and Vesta,
there is a chaotic zone with large oscillations of the obliquity as
for the inner planets, but it is caused by the overlapping of res-
onances due to their proper secular frequencies with other res-
onances due to the perturbations of Jupiter and Saturn. We also
note for Ceres and Vesta that the evolution of the eccentricity is
responsible for the appearance of secular resonances for the spin
axis. However, their effects on the obliquity and the stability are
modest.
The two giant impacts suffered by Vesta modified the preces-
sion constant and could have put Vesta closer to the resonance
with the orbital frequency 2s6 − sV . Given the uncertainty on the
polar moment of inertia, the present Vesta could be in resonance
with the frequency 2s6 − sV , where the obliquity can decrease to
about 17◦ and increase to about 48◦.
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Appendix A: Passage from the invariable plane
frame to the ICRF
We consider a vector x in the frame associated with the invariable
plane. The coordinates in the ICRF become
x′ = Rz (θ3)Rx (θ1) x (A.1)
with Rx the rotation of axis (1, 0, 0) and Rz the rotation of axis
(0, 0, 1). The angles θ1 and θ3 are given by
θ1 = 0.4015807829125271 rad (A.2)
being about θ1 ≈ 23.01◦ and
θ3 = 0.06724103544220839 rad (A.3)
being about θ3 ≈ 3.85◦.
Appendix B: Frequency decompositions
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νk (′′/yr) 106×Ak φk (◦)
gC 54.25253 114938 158.975
g5 4.25750 30684 27.077
g6 28.24513 19564 -55.734
2g6 − g5 52.23276 8023 41.516
2sC − gC -172.75959 3548 176.528
54.17786 1655 -83.503
54.32863 1623 -134.203
2g6 − g7 53.40275 1283 -46.914
g7 3.08802 1241 117.284
2sC − (2gC − (2g6 − g5)) -174.77941 1127 58.984
2gC − (2g6 − g5) 56.27217 905 -84.214
2sC − (2g6 − g5) -170.73981 840 113.990
gC − (sC − s6) 87.15851 764 -154.007
gC + (sC − s6) 21.34721 742 -66.583
2gC − g5 104.24751 634 110.562
gC − (g5 − g7) 53.08393 630 70.370
54.21717 616 -84.317
gC + (g5 − g7) 55.42147 614 67.809
54.28472 558 -129.243
54.08927 501 -65.955
2gC − (2g6 − g7) 55.10340 497 9.247
54.41912 489 -152.236
2sC − (2gC − (2g6 − g7)) -173.60964 486 -30.478
2sC − (2g6 − g7) -171.90928 480 -155.596
2sC − g5 -122.76450 446 -51.407
54.15524 399 -49.259
2sC − g6 -146.75209 360 31.354
54.36418 355 -158.902
2gC − g6 80.26030 353 -165.663
54.31987 328 -159.069
54.24404 319 -112.835
54.18020 313 -79.241
54.28220 270 -132.179
sC + s6 − gC -139.85387 268 42.730
g6 + (g5 − g7) 29.41435 259 -146.243
g5 + 2 (g6 − g7) 54.57100 256 48.097
54.12303 246 -42.931
g6 − (g5 − g7) 27.07620 238 -143.927
54.38335 235 135.976
54.42899 226 142.071
54.35117 224 -167.422
2sC − (gC − (g5 − g7)) -171.59009 219 -93.331
2gC − g6 + sC − s6 47.35451 205 -32.146
54.08255 184 10.421
53.93389 172 91.974
54.13501 157 -16.590
54.51732 145 49.156
54.80607 130 -157.283
53.98072 121 85.795
54.02290 103 63.359
(a) z = e exp(i$)
νk (′′/yr) 106×Ak φk (◦)
sC -59.25351 81688 78.182
sC − (gC − (2g6 − g5)) -61.27328 12344 -39.650
sC + (gC − (2g6 − g5)) -57.23374 12196 15.144
sC + (gC − (2g6 − g7)) -58.40327 5834 105.370
sC − (gC − (2g6 − g7)) -60.10380 5635 -130.022
s6 -26.34785 5229 -56.215
-59.31728 2065 -158.140
-59.18992 2006 137.687
sC + (g5 − g7) -58.08408 1633 167.789
2gC − sC 167.75857 1349 -120.054
-59.46608 1244 -36.536
-59.04171 1188 10.471
-59.11983 1018 136.500
sC − 2 (gC − (2g6 − g5)) -63.29327 962 -157.935
-59.38279 958 -151.270
sC − (2gC + g5 − 4g6 + g7) -62.12350 895 112.305
sC − (gC − g6) -85.26094 861 -136.937
sC + 2 (gC − (2g6 − g5)) -55.21408 861 -47.864
-59.21440 839 178.291
sC + (gC − g5 − 2g6 + 2g7) -59.57496 833 -175.559
sC + (2gC + g5 − 4g6 + g7) -56.38355 827 42.285
-59.15776 815 145.609
sC + (gC − g6) -33.24610 811 112.398
-59.27631 754 -158.149
sC − (gC − g5 − 2g6 + 2g7) -58.93431 748 145.231
-59.34031 658 -136.208
s8 -0.69175 578 20.281
-59.13924 537 69.232
-59.09718 502 110.955
s7 -2.99254 498 136.651
-59.18243 494 169.976
-57.30115 464 140.185
-59.40588 432 -117.262
-57.16365 430 81.300
sC+(s6 − s7 − gC − 2g5 + 3g6) -60.64119 421 42.144
sC−(s6 − s7 − gC − 2g5 + 3g6) -57.86597 410 -68.694
gC + g5 − sC 117.76361 352 108.466
sC − 2 (gC − (2g6 − g7)) -60.95377 347 25.982
-59.08710 335 44.985
gC + g6 − sC 141.75125 332 25.633
-59.18321 317 61.105
-59.29432 306 -156.136
sC + 2 (gC − (2g6 − g7)) -57.55339 297 130.966
sC + (gC − g5) -9.25848 291 -150.471
sC + (gC + 2g5 − 2g6 − g7) -56.06436 273 105.958
-59.22602 268 176.849
sC + (g5 − g6) -83.24112 267 160.665
-59.16970 238 106.185
-59.24087 234 154.444
-57.08095 199 104.126
(b) ζ = sin (i/2) exp(iΩ)
Table B.1: First 50 terms of the frequency decomposition
∑50
k=1 Ake
i(νk t+φk) of z (a) and ζ (b) for Ceres on [−25 : 5] Myr.
Article number, page 22 of 24
T. Vaillant et al.: Long-term orbital and rotational motions of Ceres and Vesta
νk (′′/yr) 106×Ak φk (◦)
gV 36.89490 98564 -122.569
g6 28.24512 31697 -55.781
g5 4.25749 26156 27.041
36.97140 4721 115.878
36.81313 4554 163.495
36.84862 2759 166.234
36.78643 2558 179.195
36.99679 2525 85.970
36.93803 1731 122.690
36.89072 1663 127.326
36.72857 1647 -140.285
37.05697 1550 34.707
36.89173 1376 154.679
gV − (sV − s6) 50.15557 1349 -107.631
gV + (sV − s6) 23.63377 1300 41.845
36.93341 1190 74.762
2sV − gV -116.11448 1102 154.886
36.84000 1064 -179.914
36.84716 1047 162.744
g7 3.08795 1045 117.063
36.78526 926 -157.751
36.88950 802 69.901
2g6 − g5 52.23282 676 -138.360
36.94612 652 120.228
gV + (g5 − g7) 38.06152 640 140.591
gV − (g5 − g7) 35.72795 626 156.535
2gV − g5 69.53245 611 -91.314
36.98925 581 79.842
g6 − (sV − s6) 41.50591 494 -40.729
36.74614 477 -116.184
36.69132 471 -78.481
g6 + (g5 − g7) 29.41516 430 -143.914
2gV − g6 45.54421 422 -9.384
36.93934 416 67.015
2gV − g6 + sV − s6 32.28376 406 155.536
36.80741 403 -139.857
36.94137 381 100.853
36.99255 377 27.377
37.04189 373 33.547
36.88943 372 119.603
g6 − (g5 − g7) 27.07591 370 -144.919
37.44533 358 -86.385
36.34301 352 16.697
36.72254 349 -62.084
36.79011 347 -135.492
37.10060 344 -39.502
36.65369 310 -37.489
36.84687 268 177.786
37.14608 266 -64.218
36.84949 237 -174.862
(a) z = e exp(i$)
νk (′′/yr) 106×Ak φk (◦)
sV -39.60884 53659 107.187
s6 -26.34784 8415 -56.192
-39.67443 7943 -20.319
-39.53472 7659 76.357
-39.49150 2826 -33.655
-39.57146 2652 -140.255
-39.62997 2198 -137.520
-39.52960 2098 112.525
sV − (gV − g6) -48.25866 2079 174.744
sV + (gV − g6) -30.95913 1985 -138.459
-39.58772 1560 105.743
-39.47439 1467 103.816
-39.69832 1399 162.185
-39.65518 1248 58.214
-39.61420 945 -56.211
-39.73436 860 -67.914
-39.50462 851 -93.953
-39.69100 816 -167.379
-39.39015 772 -106.169
-39.43391 770 -42.332
-39.46848 707 124.045
-39.55488 697 -45.834
-39.77783 682 29.955
-39.65303 651 66.999
s8 -0.69175 584 20.276
-39.43395 574 -2.148
-39.73011 563 -49.221
2gV − sV 113.39865 533 7.177
s7 -2.99254 514 136.656
-39.42303 488 46.722
-39.69201 466 -179.610
-39.76367 464 94.984
-39.35408 379 139.039
s6 − (gV − g6) -34.99780 363 -169.922
-39.81461 357 121.250
-39.79370 336 -103.462
-48.33380 327 -0.018
-48.17492 326 -164.608
-31.01869 309 126.019
-30.89244 301 144.122
-40.15440 284 86.579
gV + g6 − sV 104.74876 277 73.310
-39.39361 274 -103.823
-39.05991 271 -42.700
sV − (g5 − g7) -40.77220 263 -145.014
2sV − s6 -52.87189 259 88.498
sV + (g5 − g7) -38.44674 249 -177.002
-17.73694 212 -34.193
sV + (gV − g5) -6.97330 136 -50.263
gV + g5 − sV 80.76118 133 156.327
(b) ζ = sin (i/2) exp(iΩ)
Table B.2: First 50 terms of the frequency decomposition
∑50
k=1 Ake
i(νk t+φk) of z (a) and ζ (b) for Vesta on [−25 : 5] Myr.
Article number, page 23 of 24
A&A proofs: manuscript no. article
νk (′′/yr) 106×Ak φk (◦)
fC -6.15875 132796 4.534
sC -59.25393 19264 162.921
s6 -26.34785 3150 33.785
sC + (gC − g5) -9.25982 3022 -68.345
sC + (gC − (2g6 − g5)) -57.23494 2952 97.518
sC − (gC − (2g6 − g5)) -61.27289 2832 48.975
s7 -2.99104 1915 50.007
sC + (gC − (2g6 − g7)) -58.40439 1392 -172.293
sC − (gC − (2g6 − g7)) -60.10345 1312 -41.211
s8 -0.69160 1303 -69.308
sC + 2(gC − g6) -7.23883 1170 -127.942
fC − (gC − (2g6 − g5)) -8.17557 668 -100.922
fC + (gC − (2g6 − g5)) -4.14024 658 -57.248
sC + 2(gC − g6) + (g5 − g7) -6.06275 573 2.238
sC − 2(g5 − g6) -11.27863 420 177.727
sC + (g5 − g7) -58.08387 391 -105.808
fC + (gC − (2g6 − g7)) -5.30451 313 48.054
-59.15554 305 -28.298
fC − (gC − (2g6 − g7)) -6.99815 290 -168.326
-59.34498 280 -166.997
sC + (3gC − 4g6 + g7) -6.39098 276 -113.654
-59.45168 267 113.695
sC + 2(gC − g6)− (g5 − g7) -8.41092 266 -45.638
-6.27076 251 121.424
-59.04637 229 60.256
sC + (gC − g6) -33.24727 227 -165.136
-6.15880 225 -88.261
sC − (g5 − 2g6 + g7) -10.10925 219 86.998
sC + 2 (gC − (2g6 − g5)) -55.21618 216 30.997
sC − 2 (gC − (2g6 − g5)) -63.29223 215 -66.897
sC − (2gC + g5 − 4g6 + g7) -62.12250 204 -155.831
sC + (2gC + g5 − 4g6 + g7) -56.38576 203 121.140
-59.25884 202 -106.222
2 fC − sC 46.93652 195 -153.986
sC + (gC − g5 − 2g6 + 2g7) -59.57497 183 -77.254
sC − (gC − g6) -85.26054 183 -48.320
sC − (gC − g5 − 2g6 + 2g7) -58.93920 173 -154.076
s1 -5.61671 159 -118.819
2sC − fC -112.34910 140 141.919
sC + (gC − g7) -8.08029 127 -125.830
fC + (gC − g6) 19.84789 105 36.075
fC − (gC − g6) -32.16614 104 150.147
sC−(s6−s7−gC−2g5+3g6) -57.86704 96 15.532
sC+(s6−s7−gC−2g5+3g6) -60.64206 94 127.961
2gC − sC 167.75745 90 148.483
fC + (sC − s6) -39.06485 90 -46.170
-56.11382 85 12.387
-5.91789 82 112.898
sC + (3gC + g5 − 4g6) -5.21225 78 10.716
-59.37412 68 159.704
Table B.3: First 50 terms of the frequency decomposition∑50
k=1 Ake
i(νk t+φk) of wx + iwy for Ceres on [−20 : 0] Myr.
νk (′′/yr) 106×Ak φk (◦)
fV -12.88235 536537 -32.774
2 fV − (2s6 − sV ) -12.68720 53372 -129.004
2s6 − sV -13.07751 49031 -114.858
sV -39.61376 31572 -172.011
-12.77160 17140 52.745
-12.99626 14654 48.485
2 fV − sV 13.84895 13649 106.512
-12.67225 10137 -159.973
s6 -26.34823 7832 32.968
-13.10016 7321 -115.847
-12.55303 6177 -19.085
-12.92955 5260 14.327
2 fV − s6 0.58288 4646 -99.913
-12.73796 4601 -121.794
fV − (sV − s6) 0.38433 4002 174.403
fV − (gV − g6) -21.53224 3891 27.961
-12.82979 3878 130.392
fV + (gV − g6) -4.23214 3863 87.770
fV + (sV − s6) -26.14817 3364 -58.177
-12.83327 3345 116.714
-13.06876 3064 61.903
3 fV − 2s6 14.04715 2933 13.044
fV − 2(sV − s6) 13.65255 2838 24.381
-12.44726 2791 -125.619
-13.16296 2581 -44.359
-39.71053 2303 -17.854
-12.99531 2220 41.091
-39.51364 2149 -138.939
2sV − fV -66.34537 2086 -131.843
sV + (gV − g5) -6.97876 1971 -142.636
-13.25676 1924 -122.046
-12.86902 1919 -78.108
-12.61890 1819 99.975
-12.53596 1587 159.537
-13.11606 1508 156.028
sV + (gV − g6) -30.96333 1357 -51.344
-12.78299 1342 -14.556
-12.93541 1319 -23.383
s7 -2.99285 1201 45.632
sV + s6 − fV -53.07896 1116 75.117
sV − (gV − g6) -48.26419 1101 -112.768
s8 -0.69187 1056 -69.630
-12.37138 1049 -141.990
-13.18382 1020 -117.994
0.77870 1013 161.465
-39.43894 953 -156.160
fV − (gV − g5) -45.52000 900 110.360
fV + (gV − g5) 19.75530 886 4.257
-12.46117 863 169.774
fV + (gV − g6 + sV − s6) -17.49709 595 62.754
Table B.4: First 50 terms of the frequency decomposition∑50
k=1 Ake
i(νk t+φk) of wx + iwy for Vesta on [−20 : 0] Myr.
Article number, page 24 of 24
